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Abstrat
The bound state spetrum and the assoiated reetion fators are determined for
the sine-Gordon model with arbitrary integrable boundary ondition by losing the
bootstrap. Comparing the symmetries of the bound state spetrum with that of the
Lagrangian it is shown how one an derive the relationship between the UV and IR
parameters onjetured earlier.
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1 Introdution
The sine-Gordon model is one of the most extensively studied quantum eld theories. The
interest stems partly from the wide range of appliations that extend from partile physis
to ondensed matter systems and partly from the fat that many of the interesting physial
quantities an be omputed exatly due to its integrability. As was argued in [1, 2℄, the
boundary version of sine-Gordon model:
S =
∫ ∞
−∞
dt
∫ 0
−∞
dxLSG −
∫ ∞
−∞
dtVB(ΦB), LSG =
1
2
(∂µΦ)
2 −
m2
β2
(1− cos(βΦ)),
(1.1)
(where Φ(x, t) is a salar eld, β is a real dimensionless oupling and ΦB(t) = Φ(x, t)|x=0)
preserves the integrability of the bulk theory if the boundary potential is hosen as
VB(ΦB) = M0
(
1− cos
(
β
2
(ΦB − φ0)
))
,
where M0 and φ0 are free parameters. As a result of the boundary potential the salar
eld satises the boundary ondition:
∂xΦ|x=0 = −M0
β
2
sin
(
β
2
(ΦB − φ0)
)
. (1.2)
A novel feature of the boundary sine-Gordon model (BSG) is the appearane of a
ompliated spetrum of boundary bound states (BBS) in addition to the well known bulk
ones [1℄-[4℄, [5℄. The omplete spetrum of these bound states and a full explanation of all
the poles in the reetion fators are known in two speial ases only: in the ase of Dirihlet
boundary onditions (whih orresponds to taking M0 → ∞, ΦB(t) ≡ φ0) they are given
in [4℄, while for Neumann boundary ondition (when M0 = 0, thus φ0 beoming irrelevant)
they are presented in [7℄. In the general ase the reetion fators and the bound state
spetrum depend on two `infrared parameters' η and ϑ, that are determined somehow
by the `ultraviolet parameters' M0 and φ0 appearing in the Lagrangian. However, the
preise relationship between them (we all it UV  IR relation) is known only for Dirihlet
boundary onditions [1℄. In ontrast in the boundary sinh-Gordon model the UV  IR
relation was determined by omparing the WKB and bootstrap spetra [8℄.
1
The purpose of this paper is twofold: rst, by using the bootstrap priniple, we deter-
mine the bound state spetrum, the assoiated reetion fators and explain their poles
in the general ase. We wish to point out that muh of the struture of the bootstrap in
the Dirihlet limit [4℄ arries over to the general ase with some modiations, however;
some are must be taken for speial values of the parameters (of whih the ase of the
Neumann boundary ondition is an example). The indutive analysis is based on the as-
sumption, that any pole of the reetion fators in the physial strip that is not explained
by Coleman-Thun diagrams [10℄ orresponds to bound states
2
. While we also tried to
1
It should be remarked, that Al. B. Zamolodhikov has also alulated (but not yet published) this
relation  in both the sinh-Gordon and sine-Gordon ases  using quite dierent arguments [9℄.
2
The importane of these diagrams in the ontext of boundary bootstrap was rst emphasized in [11℄.
2
ahieve a more systemati and omplete investigation of Coleman-Thun diagrams than the
one presented in [4℄, we relied very muh on their results in this respet as well.
Seond, by omparing the parameter dependenies of some patterns (suh as global
symmetries and ground state sequenes) in the bootstrap solution and in the lassial
theory we present arguments for the UV  IR relation in sine-Gordon model. Naturally,
this relation is the same as the one obtained by appropriate analyti ontinuation from the
sinh-Gordon ase.
The outline of this paper is the following: First we desribe the relevant properties
of the lassial theory. Then we ollet the ground state reetion fators obtained in
[1, 3℄. Analysing the pole struture of the reetion fators we determine the fundamental
domain of the parameters. In the next step we explain the pole struture of both the
solitoni and the breather reetion fators on the ground state and on the rst exited
boundaries. These results generalize straightforwardly giving the full spetrum of boundary
bound states and reetion fators. Finally we omment on some speial ases and give
the arguments for the UV-IR relation.
2 Classial onsiderations
Let us fous on the lassial theory rst. As a onsequene of the boundary potential the
disrete symmetries of the bulk theory are broken in general:
• the Φ 7→ 2pi
β
−Φ transformation (that hanges solitons to antisolitons and vie versa)
now maps either φ0 7→
2pi
β
− φ0 or M0 7→ −M0, thus making the related boundary
theories equivalent. Clearly the symmetry is restored either for φ0 =
pi
β
or forM0 = 0.
• The other Z2 symmetry whih maps Φ to −Φ indues the φ0 7→ −φ0 transformation
on the boundary parameters and is realized in the φ0 = 0 ase.
Colleting all the possible equivalenes between the boundary parameters their fundamen-
tal domain turns out to be:
0 ≤M0 ≤ ∞ ; 0 ≤ φ0 ≤
pi
β
In the general ase the lassial ground state has to satisfy
lim
x 7→−∞
Φ(x, t) =
{
0
2pi
β
,
in addition to (1.2). More preisely there are two possibilities orresponding to these two
hoies and the one with the lower energy is the ground state. It is important to notie
that the upper/lower hoie an be realized by a stati bulk soliton/antisoliton `standing
at the right plae': i.e. by hoosing Φ ≡ Φs(x, a) or Φ ≡ Φs¯(x, a¯) for x ≤ 0, where
Φs(x, a) =
4
β
artg(em(x−a)), Φs¯(x, a¯) =
2pi
β
− Φs(x, a¯),
3
and a (a¯) is obtained from eq.(1.2). (This ts into the sheme of paper [6℄ where the
authors desribed the lassial sattering of solitons by inluding not only a mirror image
of the soliton but also a standing soliton bakground). Indeed this way we nd the loation
of the soliton/antisoliton
sinh(ma) =
4m
M0β2
+ cos(β
2
φ0)
sin(β
2
φ0)
, sinh(ma¯) =
4m
M0β2
− cos(β
2
φ0)
sin(β
2
φ0)
.
(They are obtained from eah other by φ0 ↔
2pi
β
− φ0). The energies of these two solutions
an be written as
Es(M0, φ0) ≡ Ebulk + VB =
4m
β2
+M0 −M0R(+)
Es¯(M0, φ0) =
4m
β2
+M0 −M0R(−) = Es(M0,
2pi
β
− φ0) (2.1)
where we introdued R(±) =
[
1± 8m
M0β2
cos(β
2
φ0) +
16m2
M2
0
β4
]1/2
. From the dierene
Es¯(M0, φ0)− Es(M0, φ0) =
16m
β2
cos(β
2
φ0)
(R(+) +R(−))
we see that for 0 ≤ φ0 <
pi
β
the soliton generates the ground state and the antisoliton
the rst exited one, at φ0 =
pi
β
they beome degenerate and at φ0 >
pi
β
they swap. From
eq.(2.1) we nd in the Z2 symmetri limit with φ0 → 0+
3
Es = 0, Es¯ =
{
2M0 M0 <
4m
β2
8m
β2
M0 >
4m
β2
, (2.2)
while for φ0 =
pi
β
the degenerate energies an be written
Es = Es¯ =
4m
β2
+M0 −M0
√
1 +
16m2
M20β
4
−→
{
0 M0 → 0
4m
β2
M0 →∞
.
3 Boundary spetrum from bootstrap priniple
3
This limit is not smooth. If we set φ0 = 0 from the start, then the two solutions (Φ1 ≡
2pi
β
and Φ2 ≡ 0)
of the ase M0 <
4m
β2
extend to the ase M0 >
4m
β2
. In the latter ase however, the one higher in energy,
Φ1, an "deay" into Φ2 by emitting a moving single soliton. (We thank the referee for pointing out this).
This is onsistent with the quantum theory where no exited boundary state exists neither in this domain
of the parameters nor in the orresponding φ0 → 0+ limiting ase.
4
3.1 Bulk sattering properties
In the bulk sine-Gordon model any sattering amplitude fatorizes into a produt of two
partile sattering amplitudes, from whih the independent ones in the purely solitoni
setor are [12℄
a(u) = S++++(u) = S
−−
−−(u) = −
∞∏
l=1
[
Γ(2(l − 1)λ− λu
pi
)Γ(2lλ+ 1− λu
pi
)
Γ((2l − 1)λ− λu
pi
)Γ((2l − 1)λ+ 1− λu
pi
)
/(u→ −u)
]
b(u) = S+−+−(u) = S
−+
−+(u) =
sin(λu)
sin(λ(pi − u))
a(u) ; λ =
8pi
β2
− 1
c(u) = S−++−(u) = S
+−
−+(u) =
sin(λpi)
sin(λ(pi − u))
a(u) ; u = −iθ , (3.1)
Sine we are onentrating on the bound state poles loated at purely imaginary rapidities
we use the variable u instead of θ and refer to it as the rapidity from now on. The other
sattering amplitudes an be desribed in terms of the funtions
{y} =
(
y+1
2λ
) (
y−1
2λ
)(
y+1
2λ
− 1
) (
y−1
2λ
+ 1
) , (x) = sin
(
u
2
+ xpi
2
)
sin
(
u
2
− xpi
2
) , {y}{−y} = 1 , {y + 2λ} = {−y}
as follows. For the sattering of the breathers Bn and Bm with n ≥ m and relative rapidity
u we have [12℄
Snm(u) = Snmnm(u) = {n+m− 1}{n+m− 3} . . . {n−m+ 3}{n−m+ 1} ,
while for the sattering of the soliton (antisoliton) and Bn we have [12℄
Sn(u) = S+n+n(u) = S
−n
−n(u) = {n− 1 + λ}{n− 3 + λ} . . .
{
{1 + λ} if n is even
−
√
{λ} if n is odd .
4
All the poles in the physial strip of the sattering amplitudes originate from virtual
proesses either in the forward or in the ross hannel of diagrams 3.1 (a,b), where the
useful denition
un =
npi
2λ
is also introdued. Time develops from top to bottom and solitons or antisolitons are
denoted by solid lines while breather by dashed ones. To eah suh proess a oupling as
fn+mnm or f
n
+− an be attributed and it is known that f
n
+− = (−1)
nfn−+.
4
Observe that {λ} is a omplete square
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(a) Breather fusion
un
Bn
(b) Soliton and antisoliton
fuse to a breather
Figure 3.1: Bulk fusion proesses
3.2 Ground state reetion fators
The most general reetion fator - modulo CDD-type fators - of the soliton antisoliton
multiplet |s, s¯〉 on the ground state boundary, denoted by | 〉, satisfying the boundary
versions of the Yang Baxter, unitarity and rossing equations was found by Ghoshal and
Zamolodhikov [1℄:
R(η, ϑ, u) =
(
P+(η, ϑ, u) Q(η, ϑ, u)
Q(η, ϑ, u) P−(η, ϑ, u)
)
=(
P+0 (η, ϑ, u) Q0(u)
Q0(u) P
−
0 (η, ϑ, u)
)
R0(u)
σ(η, u)
cos(η)
σ(iϑ, u)
cosh(ϑ)
;
P±0 (η, ϑ, u) = cos(λu) cos(η) cosh(ϑ)∓ sin(λu) sin(η) sinh(ϑ);
Q0(u) = − sin(λu) cos(λu), (3.2)
where η and ϑ are the two real parameters haraterizing the solution,
R0(u) =
∞∏
l=1
[
Γ(4lλ− 2λu
pi
)Γ(4λ(l − 1) + 1− 2λu
pi
)
Γ((4l − 3)λ− 2λu
pi
)Γ((4l − 1)λ+ 1− 2λu
pi
)
/(u→ −u)
]
is the boundary ondition independent part and
σ(x, u) =
cosx
cos(x+ λu)
∞∏
l=1
[
Γ(1
2
+ x
pi
+ (2l − 1)λ− λu
pi
)Γ(1
2
− x
pi
+ (2l − 1)λ− λu
pi
)
Γ(1
2
− x
pi
+ (2l − 2)λ− λu
pi
)Γ(1
2
+ x
pi
+ 2lλ− λu
pi
)
/(u→ −u)
]
desribes the boundary ondition dependene. Note that the topologial harge may be
hanged by two in these reetions, thus the parity of the soliton number is onserved.
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As a onsequene of the bootstrap equations [1℄ the breather reetion fators share
the struture of the solitoni ones, [3℄:
R(n)(η, ϑ, u) = R
(n)
0 (u)S
(n)(η, u)S(n)(iϑ, u) ,
where
R
(n)
0 (u) =
(
1
2
) (
n
2λ
+ 1
)(
n
2λ
+ 3
2
) n−1∏
l=1
(
l
2λ
) (
l
2λ
+ 1
)
(
l
2λ
+ 3
2
)2 ; S(n)(x, u) =
n−1∏
l=0
(
x
λpi
− 1
2
+ n−2l−1
2λ
)(
x
λpi
+ 1
2
+ n−2l−1
2λ
) .
In general R
(n)
0 desribes the boundary independent properties and the other fators give
the boundary dependent ones.
3.3 Fundamental domain of the parameters
Sine the breather reetion fators an be obtained from the solitoni ones by the boot-
strap priniple we onentrate only on R(η, ϑ, u). From the
σ(x, u) = σ(−x, u)
property it follows that it is enough to onsider the η ≥ 0 , ϑ ≥ 0 ases. The boundary
dependent poles of R(η, ϑ, u) are due to the fator σ(η, u), whose poles in the physial strip
are loated at
a.) u =
η
λ
− u2k+1 − 2pim or at b.) u = pi −
η
λ
+ u2k+1 + 2pim ;
k ≥ 0, m ≥ 0 both integers
(3.3)
(The fator σ(iϑ, u) has no pole in the physial strip). In any Coleman-Thun diagram
the inident soliton deays into a soliton and a breather by the proess on diagram 3.1
(b). Sine the rapidity dierene between the partiles reated is larger than
pi
2
, moreover,
in the ase of ground state sattering both partiles have to travel towards to wall, we
onlude that no Coleman-Thun diagram exists (exept the very speial one desribed on
diagram 3.2 (a)). From this it follows that any of the poles of σ(η, u) in the physial strip
must orrespond to boundary bound states, that is to exited states of the boundary. In a
minimal solution we expet these states to be non degenerate, i.e. they should not appear
in multiplets. For this reason the determinant of the prefator of R(η, ϑ, u) must vanish at
these poles. The vanishing gives rise to the following equation
sin(λu) = ± cos(η),
from whih we obtain the loation of the zeroes
u =
η
λ
− u2k+1 ; k ∈ Z .
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uB
2n
2n
(a) Soliton
bulk pole
ν
B
n
w
|n>
|n>
| >
m
n+m
| >
(b) Soliton
deay
ν
n
|n>
|n>
| >
| >
B
νn−k k
() Crossed soliton
Figure 3.2: Solitoni diagrams
Sine, for general η, among the poles of σ(η, u) there are some whih are not in this set
of zeroes, we have to exlude them by restriting the range of η. This an be ahieved by
demanding pi − η
λ
+ u1 ≥
pi
2
, or equivalently by
0 < η ≤
pi
2
(λ+ 1) = η0 .
Had we hosen η outside of this range, whih we all the fundamental range, we would
have extra poles in the physial strip losing the minimality of the solution, thus induing
extra CDD fators in the reetion amplitude.
3.4 Soliton reetion fators on ground state boundary
Now onsider the poles of the soliton reetion fator R(η, ϑ, u).
• There are boundary independent poles in the physial strip oming from the fator
R0(u). They are loated at un , n = 1, 2, . . ., and an be desribed by diagram 3.2
(a). Clearly the diagram does not exist for Q(η, ϑ, u) and the prefator Q0(u) takes
are of this.
• The boundary dependent poles are loated at
νn =
η
λ
− u2n+1 ; n = 0, 1, . . . ,
where the upper limit for n an be determined by restriting νn to the physial region.
To eah of the poles above we assoiate a boundary bound state denoted by |n〉 with
8
|>
n
ν
u
s
s
s
−
s
−
s
−
|>
u
n
ν
s
s
s
s
s
=
|n>
|n>
Figure 3.3: The bootstrap equation for the amplitude Q.
energy
m|n〉 −m| 〉 = M cos(νn) .
(M is the soliton mass). Clearly the state |n〉 is present in all reetion fators
P±(η, ϑ, u), Q(η, ϑ, u).
In the generi ase the reetion fator R(η, ϑ, u) has no zero in the physial strip. The
speial ases will be disussed separately.
3.5 Solitoni reetion fators on exited boundary states
The reetion fator R|n〉(η, ϑ, u) on the boundary bound state |n〉 an be omputed from
the boundary bootstrap equations, the simplest of them is (see Fig. 3.3)
Q|n〉(η, ϑ, u) = a(u− νn)Q(η, ϑ, u)b(u+ νn) . (3.4)
Using (3.1) and the relation
a(u+ ν0)a(u− ν0) =
cos(η) cos(λu− η¯)σ(η¯, u)
cos(η¯) cos(λu+ η)σ(η, u)
; η¯ = 2η0 − η
we obtain
Q|n〉(η, ϑ, u) = Q(η¯, ϑ, u)an(η, u) , (3.5)
where
an(η, u) =
a(u+ νn)a(u− νn)
a(u+ ν0)a(u− ν0)
=
n∏
l=1
{
2
(η
pi
− l
)}
.
9
The matrix struture of R|n〉(η, ϑ, u) follows from the boundary Yang-Baxter equation, and
is idential to that of in (3.2) modulo a possible soliton antisoliton interhange. Performing
the bootstrap alulation shows that the interhange really takes plae and we have
P±|n〉(η, ϑ, u) = P
∓(η¯, ϑ, u)an(η, u) . (3.6)
Making a omparison between R|0〉(η, ϑ, u) and R(η, ϑ, u) we observe that they are related
by the transformations, η ↔ η¯ , s ↔ s¯. Consequently these transformations hange the
roles of the two lowest lying boundary states, namely | 〉 and |0〉. For this reason we onje-
ture that they are the quantum manifestation of the lassial Φ↔ 2pi
β
−Φ transformation.
Clearly the energy of the vauum state, | 〉, is not determined by the boostrap. In the light
of the preeeding remark, however, we expet it to satisfy
m|0〉(η, ϑ) = m| 〉(η, ϑ) +M cos(ν0) = m| 〉(η¯, ϑ) .
Let us turn to the analysis of the pole struture of R|n〉(η, ϑ, u). Sine η0 < η¯ < 2η0, the
poles of σ(η¯, u) whih are of the form (3.3.a) are loated at
wk =
η¯
λ
− u2k+1 = pi −
η
λ
− u2k−1 ; k = 0, 1, . . . ,
while those of the form of (3.3.b) are loated at νk , k = 0,−1, . . .. The fator an(η, u)
has simple poles at ν0 and νn, and double poles at νk , k = 1, 2, . . . , n − 1. The ν-type
poles an be explained by diagram 3.2 () (whih gives a seond order pole) exept for
νn where the breather line is absent and the diagram redues to a rossed hannel soliton
emission-absorption proess (whih has order 1). Diagram 3.2 (b) explains the poles wm
but only for wm ≥ νn. Naively, the diagram gives a seond order pole but in this ase the
breather reetion in the middle is at an angle where the reetion fator has a simple
zero, so the order of the diagram is redued to one. For wm < νn we have a boundary
bound state, whih is denoted by |n,m〉. The omputation of the reetion fators on this
state is ompletely analogous to eqn. (3.4), by replaing νn and Q by wm and Q|n〉. Indeed
Q|n,m〉(η, ϑ, u) = a(u− wm)Q|n〉(η, ϑ, u)b(u+ wm)
= a(u− wm)Q(η¯, ϑ, u)b(u+ wm)an(η, u)
= Q|m〉(η¯, ϑ, u)an(η, u).
(In writing the third equality we used eq. (3.4) and wm = νm(η¯)). As a result, using (3.5),
we have:
Q|n,m〉(η, ϑ, u) = Q(η, ϑ, u)an(η, u)am(η¯, u) . (3.7)
In a similar way we obtain
P±|n,m〉(η, ϑ, u) = P
±(η, ϑ, u)an(η, u)am(η¯, u) . (3.8)
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(b) Breather poles
Figure 3.4: Breather diagrams I
The situation onerning the poles of R|n,m〉(η, ϑ, u) is the same as in the previous ase if we
make the η ↔ η¯ replaement. Thus the poles, whih an not be explained by diagrams, (and
so desribe new bound states), are loated at νk for νk < wm. The orresponding bound
state is denoted as |n,m, k〉. Now it is easy to see how eq.(3.5 -3.8) and the generation of
new boundary states would go on so we ould turn to the analysis of the general ase, but
before doing this we analyse the breather setor.
3.6 Breather reetion fators on ground state boundary
The boundary independent poles of the reetion fator R(n)(η, ϑ, u) ome from R
(n)
0 (u).
In the physial strip R
(n)
0 has simple pole
• at pi
2
, whih orresponds to the emission of a zero momentum breather,
• at uk for k = 1, 2, . . . , n− 1, they an be explained in terms of diagram 3.4 (a),
• at pi
2
−un, whih is related to the breather version of diagram 3.2 (a) by forming B
2n
or if this is not in the spetrum then the soliton version of diagram 3.4 (a).
• The double poles at pi
2
− uk, for k = 1, 2, . . . , n− 1 an be explained by diagram 3.4
(b).
The boundary dependent poles are loated at
u =
1
2
(νk − wn−k) =
η
λ
−
pi
2
+ un−2k−1 ; k = 0, . . . ,
[
n− 1
2
]
,
11
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Figure 3.5: Breather pole explanations related by shifting soliton trajetories
If these poles are in the physial strip then they orrespond to the reation of the state
|k, n−k〉. To see this note that |k, n−k〉 an be reated in two ways (Fig. 3.5): either rst
a soliton (say) reeting at νk on | 〉 generating |k〉, followed by an antisoliton reeting
at wn−k < νk on |k〉, or, moving the antisoliton trajetory upwards, rst the antisoliton
reeting at wn−k on | 〉 (without reating any new states), then the reeted antisoliton
fusing with the soliton forming Bn with rapidity 1
2
(νk − wn−k), whih is nally reating
|k, n− k〉. This mehanism was rst desribed in [4℄.
Finally we remark that the reetion fator also has zeroes at
u = ±
η
λ
+
pi
2
+ un−2k−1 ; k = 0, . . . , n− 1 .
3.7 Breather reetion fators on exited boundary states
Breathers an emerge as a virtual fusion of a soliton and antisoliton as shown on diagram
3.1 (b). Sine this fusion an take plae not only before the soliton and antisoliton reet
on the boundary but also after their reetion, a bootstrap equation an be obtained for
the breather reetion fators on exited boundary states [1, 13℄, graphially it is shown
on Fig. 3.6.
Clearly this reetion fator has the same struture as the solitoni one:
R
(n)
|k〉 (η, ϑ, u) = R
(n)(η¯, ϑ, u)bnk(η, u) , (3.9)
where
bnk(η, u) = ak(u+
pi
2
− un)ak(u−
pi
2
+ un)
=
min(n,k)∏
l=1
{
2η
pi
− λ+ n− 2l
}{
2η
pi
+ λ− n− 2(k + 1− l)
}
,
12
s−
B n
s
B n
s−
s
Figure 3.6: Breather reetion fators from bootstrap
and a anellation between the various fators has also been taken into aount. Let us
fous on the pole struture. The η-independent poles of R
(n)
|k〉 (η, ϑ, u) are loated at the
same plae as those of R(n)(η, ϑ, u) and have the same explanation.
The η-dependent poles of R
(n)
|k〉 (η, ϑ, u) are onsidered in three steps. First onsider the
following expression
min(n,k)∏
l=1
{
2η
pi
+ λ− n− 2(k + 1− l)
}
,
whih has poles at
u =
1
2
(wl−k − νn+k−l) =
pi
2
−
η
λ
+ un+2(k−l)+1 (3.10)
u =
pi
2
+
η
λ
− un+2(k−l)+1 , (3.11)
and for eah pole at u it has a zero at −u. The poles/zeroes for l = 0 and l = min(n, k)
are simple, while for the other l -s are double. The simple pole at l = 0 for (3.10) desribes
the |k〉 7→ |k+ n〉 boundary bound state hanging proess. The other simple pole at l = n
for k ≥ n an be explained by the rossed version of this proess, while for k < n we have
diagram 3.7 (a). This diagram also explains all the double poles in (3.10). In the ase
of poles given by eqn. (3.11) we have diagram 3.7 (b). (Here for l = k = 0 the diagram
simplies, the initial breather does not deay in the bulk, just fuses with the soliton). On
diagram 3.7 (b) the soliton reets on the wall with rapidity −νl+k. It has no zero here,
however, summing up all possible diagrams ensures that the order of the diagram is one
in the l = k = 0 ase and two otherwise.
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Figure 3.7: Breather diagrams II
Now onsider the remaining η-dependent fators of R
(n)
|k〉 (η, ϑ, u):
S(n)(η¯, u)
min(n,k)∏
l=1
{
2η
pi
− λ+ n− 2l
}
=
k−1∏
l=0
(
η
λpi
− 1
2
+ n−2l−1
2λ
)(
η
λpi
+ 1
2
+ n−2l−1
2λ
) n∏
l=k+1
(
η
λpi
+ 1
2
+ n−2l−1
2λ
)(
η
λpi
− 1
2
+ n−2l+1
2λ
) .
(3.12)
For k > n the seond produt on the r.h.s. disappears and the rst produt ontains n
fators giving exatly S(n)(η, u). In the k = 0 ase the rst produt disappears and the
seond gives S(n)(η¯, u). From these two limiting ases we an understand the generi ase.
Now we explain the poles of the rst produt on the r.h.s. of (3.12), whih is nothing
but the rst k fators of S(n)(η, u). On the ground state boundary its poles at
u =
1
2
(νl − wn−l) =
η
λ
−
pi
2
+ un−2l+1 ; l = 0, . . . , k − 1
would orrespond to the reation of the state |l, n− l〉. Now, however, they orrespond to
the reation of the state |l, n− l, k〉. In order for this state to exist we need l < k, (this is
learly satised), and wn−l > νk. Alternatively, it is not hard to see that if wn−l < νk then
we have diagram 3.7 (), where under this ondition Bn+k−l travels towards the wall.
The seond produt on the r.h.s. of (3.12) has simple poles at (3.10, 3.11) for l =
k, . . . , n − 1. The poles of the form (3.10) orrespond to the reation of the state |k, l −
k, n− l+k〉. If this state is not in the spetrum, that is if νk < wl−k then we have diagram
3.7 (a), where Bl+k travels towards the wall. For the poles of type (3.11) we have diagram
3.7 (b).
For the state |k,m〉 the bootstrap equation giving (3.9) generalizes to
R
(n)
|k,m〉(η, ϑ, u) = R
(n)(η, ϑ, u)bnk(η, u)b
n
m(η¯, u) ,
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and from this the general expression an be onjetured.
The upshot of this investigation of the pole struture of the breather reetion fators
is the realization that the breathers do not reate new type of boundary bound states, they
merely give an alternative way of jumping between the ones generated by the solitons.
3.8 The general spetrum and the assoiated reetion fators
From the previous onsiderations it is lear how to generalize the results. The spetrum
of boundary bound states an be parametrized by a sequene of integers |n1, n2, . . . , nk〉,
whenever the
pi
2
≥ νn1 > wn2 > νn3 > · · · ≥ 0
ondition holds. The mass of suh a state is
m|n1,n2,...,nk〉 = m| 〉(η, θ) +M
∑
i odd
cos(νni) +M
∑
i even
cos(wni) .
The reetion fators depend on whih setors we are onsidering. In the even setor, i.e.
when k is even, we have
Q|n1,n2,...,nk〉(η, ϑ, u) = Q(η, ϑ, u)
∏
i odd
ani(η, u)
∏
i even
ani(η¯, u) ,
and
P±|n1,n2,...,nk〉(η, ϑ, u) = P
±(η, ϑ, u)
∏
i odd
ani(η, u)
∏
i even
ani(η¯, u) ,
for the solitoni proesses and
R
(n)
|n1,n2,...,nk〉
(η, ϑ, u) = R(n)(η, ϑ, u)
∏
i odd
bnni(η, u)
∏
i even
bnni(η¯, u)
for the breather proess. In the odd setor, i.e. when k is odd, the same formulae apply if
in the ground state reetion fators the η ↔ η¯ and s↔ s¯ hanges are made.
In order to prove the existene of these states (i.e. the absene of Coleman-Thun
diagrams) the proof from [4℄ an be used in the general ase, (see the remark at the end
of the next subsetion), while a straightforward modiation of the proof given for the
Neumann boundary [7℄ applies in the η = η0 ase.
These boundary states have the following reation/annihilation rules:
Initial state partile rapidity nal state
|n1, . . . , n2k〉 s, s¯ νn |n1, . . . , n2k, n〉
|n1, . . . , n2k−1〉 s, s¯ wn |n1, . . . , n2k−1, n〉
|n1, . . . , n2k, n2k+1, . . . 〉 B
n 1
2
(νl − wn−l) |n1, . . . , n2k, l, n− l, n2k+1, . . . 〉
|n1, . . . , n2k−1, n2k, . . . 〉 B
n 1
2
(wl − νn−l) |n1, . . . , n2k−1, l, n− l, n2k, . . . 〉
|n1, . . . , n2k, . . . 〉 B
n 1
2
(ν−n2k − wn+n2k) |n1, . . . , n2k + n, . . . 〉
|n1, . . . , n2k−1, . . . 〉 B
n 1
2
(w−n2k−1 − νn+n2k−1) |n1, . . . , n2k−1 + n, . . . 〉
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The other poles in the reetion fators an be explained exatly in the same way as
in the Dirihlet or in the Neumann ases [4, 7℄.
3.9 Speial ases
Let us onsider the η = η0 ase. Sine now η = η¯ the two types of poles oinide:
νn = wn =
pi
2
− u2n thus in the labeling of any state |n1, n2, . . . , nk〉 we have monotonially
inreasing sequenes of non-negative integer numbers ni+1 > ni. Comparing the state | 〉 to
|0〉 we observe that they have the same energy, whih is the lowest in the entire spetrum,
moreover the reetion fators on them oinide for the breathers and for Q. These states
are not the same in general, however, sine for the solitoni reetion fators we have the
relation
P±(η0, ϑ, u) = P
∓
|0〉(η0, ϑ, u) . (3.13)
Thus these two states give two inequivalent vaua of the theory onneted by the s ↔
s¯ transformation, whih symmetry is then spontaneously broken. Emphasizing this we
introdue the following notation |0〉+ = | 〉 and |0〉− = |0〉. We an also relabel all the
states referring to the two setors as
|n1, . . . , nk〉+ =
{
|n1, . . . , nk〉 if k is even
|0, n1, . . . , nk〉 if k is odd
;
|n1, . . . , nk〉− =
{
|n1, . . . , nk〉 if k is odd
|0, n1, . . . , nk〉 if k is even
;
where now ni > 0 , ∀i hold. The energies of the states |n1, . . . , nk〉+ and |n1, . . . , nk〉−
are equal, moreover the soliton/antisoliton reetion fators on them are related by the
s ↔ s¯ transformation similarly to eqn.(3.13). The breathers reate states only within the
setors, while the solitons (antisolitons) jump between the two setors. It is interesting
that Bn reates the state |l, n− l〉+ when it reets on |0〉+ with rapidity un−2l, for whih
the proess on diagram 3.4 (a) is also present, thus boundary bound state reation and
Coleman-Thun diagrams oexist, just like in the ase of Neumann boundary ondition [7℄.
The ase of the Neumann boundary ondition an be obtained from the one investi-
gated above by taking the ϑ → 0 limit. In this ase the s ↔ s¯ symmetry is not broken
(P+(η0, 0, u) = P
−(η0, 0, u)), and we have just one ground state and one setor.
The Φ ↔ −Φ symmetri boundary onditions are realized either by η ≡ 0 (with ϑ
running in its fundamental domain) or by ϑ ≡ 0 (with η in its fundamental domain). In
these models the spetrum is the same as in the general ase, the only dierene is that
P+ and P− oinide.
The ase of the Dirihlet boundary ondition, whih was analysed in detail in [4℄, an
be obtained by taking the ϑ→∞ limit. As a result Q vanishes, terms ontaining funtions
of ϑ disappear and we have
P±(η, u) = cos(η ± λu)R0(u)
σ(η, u)
cos(η)
.
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The onsequene of the prefator cos(η ± λu) is that now on even walls only solitons an
reate states while on odd ones only antisolitons. The spetrum of boundary bound states
and their masses are exatly the same as in the general ase. Sine the breather reetion
fators have the same pole struture as in the general ase, the proof given in [4℄ for the
existene of boundary bound states, and the explanation of the poles of the reetion
fators an be adopted straightforwardly to the general ase onsidered in this paper.
4 The UV-IR orrespondene
Now we would like to gure out the assignment between the IR parameters (η, ϑ) and the
UV parameters (φ0,M0). The fundamental range of the IR parameters is 0 ≤ η ≤ η0 , ϑ ≥
0, while that of UV ones is 0 ≤ φ0 ≤
pi
β
, M0 ≥ 0. We suppose the absene of anomalies
thus the lassial symmetries survive at the quantum level. In the rst step we onsider
the speial ases, whih are at the boundaries of the fundamental domains.
The spontaneously broken Z2 symmetri ases an be desribed by the lines η = η0 in
the IR ase and φ0 =
pi
β
in the UV one. The Neumann end of these lines orresponds to
ϑ = 0 and M0 = 0, respetively. We also have the unbroken Z2 symmetri line φ0 = 0,
0 ≤ M0 ≤ ∞. In the domain of the IR parameters it may be realized in two parts in aord
with the lassial behavior in eq.(2.2): on the ϑ = 0 line η is dereasing from its maximal
value η0 (i.e. from the Neumann point) to zero (M0 < Mcrit), while on the η = 0 line ϑ is
inreasing from zero to innity (Dirihlet) when M0 > Mcrit. (Mcrit appearing here may
depend on the sine-Gordon oupling Mcrit = Mcrit(λ), and this dependene is determined
by our onsiderations only in the lassial ase Mcrit(classical) =
4m
β2
). In the Dirihlet
ase, whih orresponds to taking the ϑ → ∞ or the M0 → ∞ limit, the exat relation
between the remaining parameters is known [1℄:
2η = (λ+ 1)βφ0 .
Sine the boundary potential is periodi in φ0 with period
4pi
β
we onjeture that the UV-
IR relation ontains only funtions of the form of cos(nβφ0/2) or sin(nβφ0/2), or in the
simplest ase only terms with n = 1. We have already seen that the η ↔ η¯ , s ↔ s¯
transformation orresponds to Φ ↔ 2pi
β
− Φ, that is at the level of the Lagrangian either
to M0 ↔ −M0 or to φ0 ↔
2pi
β
− φ0. Combining these transformation properties with
the Dirihlet limit, where η is linearly related to φ0, we expet that in the UV-IR relation
either cos( η
λ+1
) or sin( η
λ+1
) appear. At the IR level we also would like to respet the η ↔ iϑ
symmetry of the ground state reetion fators. Colleting all the required properties and
restriting to the simplest possible ase we are lead to the following formula:
cos
(
η
λ+ 1
)
cosh
(
ϑ
λ+ 1
)
=
M0
Mcrit
cos
(
βφ0
2
)
sin
(
η
λ+ 1
)
sinh
(
ϑ
λ+ 1
)
=
M0
Mcrit
sin
(
βφ0
2
)
.
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It is not diult to hek that these relations dene a mapping between the fundamental
domains of (η, ϑ) and of (φ0,M0), whih respets all the speial ases. Note that these
equations are related to the sinh-Gordon formulae [8℄, by analyti ontinuation, and this
ontinuation also gives a denite Mcrit(λ). There are some unpublished results on the
sine-Gordon ase [9℄, whih also seem to give a similar orrespondene. At the moment,
however, the relation between the results in [8℄ and [9℄ is not entirely lear to us, and needs
further lariation.
5 Conlusions
We determined the boundary spetrum for sine-Gordon model with the most general in-
tegrable boundary ondition, using the bootstrap priniple. We found that for the generi
ase the spetrum is essentially idential to the one orresponding to Dirihlet boundary
onditions derived in [4℄.
For all the poles of the breather and soliton reetion fators we gave either an expla-
nation as a boundary exited state or as a boundary Coleman-Thun type diagram. It must
be noted, however, that as there exists no analogue of the Cutkosky rules for eld theories
with boundaries, the boundary Coleman-Thun mehanism desribed in [11℄ at present is at
most a reasonable guess whih does seem to work systematially in all the ases onsidered
so far. Finding a justiation for the boundary rules in terms of a properly formulated
perturbative expansion together with a boundary extension of the standard Landau rules
for singularities of Feynman diagrams is a hallenge for the future.
We also note that for full onsisteny one must draw all the Coleman-Thun diagrams
and prove that their ontributions add up to explain the full residue of the given pole in
the reetion fators. This is very ompliated in general and we have done it only for
some simple ases. For expliit examples see our previous paper [7℄, where we also noted
the interesting fat that some poles an only be explained by inluding ontributions from
both Coleman-Thun type diagrams and boundary state reation proesses, whih then t
onsistently with other elements of the bootstrap.
Comparing the symmetries of the UV (Lagrangian) and IR (bound state spetrum)
desription we gave arguments for a onjetured relationship between their parameters.
This relationship an be onrmed by TCSA or TBA analysis, and will be disussed in a
separate publiation [14℄.
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Note added in proof
After this paper was written we reeived information from P. Dorey that P. Mattsson has
already onjetured the same spetrum for sine-Gordon theory. His results were unknown
to us at that time, only written down in a PhD thesis submitted to the University of
Durham, UK. The full text of the thesis has reently been made available at the Los
Alamos preprint arhive [15℄.
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